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Abstract: We consider two dimensional conformal eld theory (CFT) with large central
charge c in an excited state obtained by the insertion of an operator  with large dimension
  O(c) at spatial innities in the thermal state. We argue that correlation functions
of light operators in such a state can be viewed as thermal correlators with a rescaled
eective temperature. The eective temperature controls the growth of out-of-time order
(OTO) correlators and results in a violation of the universal upper bound on the associated
Lyapunov exponent when  < 0 and the CFT is nonunitary. We present a specic
realization of this situation in the holographic Chern-Simons formulation of a CFT with
W
(2)
3 symmetry also known as the Bershadsky-Polyakov algebra. We examine the precise
correspondence between the semiclassical (large-c) representations of this algebra and the
Chern-Simons formulation, and infer that the holographic CFT possesses a discretuum of
degenerate ground states with negative conformal dimension  =   c8 . Using the Wilson
line prescription to compute entanglement entropy and OTO correlators in the holographic
CFT undergoing a local quench, we nd the Lyapunov exponent L =
4
 , violating the
universal chaos bound.
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1 Introduction
It is well known that unitarity and causality in conformal eld theories (CFTs) have been
used to constrain the allowed spectra as well as to classify the allowed theories. For example,
positivity of the norm in two dimensional CFTs constrains both the conformal dimensions
of operators and the central charge to be positive. In fact, demanding positive eigenvalues
of the Kac matrix, enables the classication of two dimensional CFTs with central charge
0 < c < 1 and determination of the scaling dimensions of the primaries of these theories
(see e.g. [1]). Recently, constraints on other physically interesting observables have been
shown to be related to unitarity and causality. For example, the fact that energy deposited
in the detector of the conformal collider is positive [2], or the average null energy condition,
has been shown to be related to unitarity and causality [3{5]. The bound on the Lyapunov
index which controls the growth of out-of-time ordered four-point functions, has also been
argued to be related to unitarity and causality [6].
In two dimensions, it was shown that unitarity, or more specically, the positivity of
the eigenvalues of the Kac matrix implies a bound on the spin-3 charge in a CFT with W3
symmetry [7]. In the large-c limit the bound is given by,
9
W
c
2
 64
5


c
3
  2
5


c
2
: (1.1)
Here W is the spin-3 charge and  the conformal dimension of the primary carrying this
charge.1 At the same time it was independently shown in [8] that one can arrive at a bound
on the higher spin charge, in a holographic large-c CFT with W3 symmetry, by demanding
that the jump in entanglement entropy during a quantum quench by an operator carrying
spin-3 charge is always real: r
jWj
c
<
2
c
: (1.2)
It was also seen in [8] that the bound (1.2) automatically ensures that the chaos bound on
the Lyapunov index for the out-of-time ordered four-point function is obeyed.2 Remarkably,
if we restrict ourselves to the unitarity bound (1.1), then (1.2) is always satised.
In this paper we would like to show that the chaos bound is also violated in certain
holographic CFTs with (non-principal) W-symmetries but with spin s  2 currents. The
mechanism leading to violation of the bound is distinct from that demonstrated in WN
theories with spin s > 2 currents [7, 20]. We will see that the violation here is due
to the existence of a nontrivial ground state (corresponding to an operator say, ) with
large, negative conformal dimension,  < 0 and jj  O(c). To understand this we
consider the setup shown in gure 1. Here we consider a conformal eld theory at large
central charge c on an innite line and at nite temperature  1. At the spatial innities
we insert an operator of conformal weights (;) such that jj  O(c). The more
1We hold W
c
; 
c
xed as c!1.
2In [8] the holographic SL(3)SL(3) Chern-Simons Wilson line was used to compute the OTO correlator
following a quench, conrming the arguments of [20] leading to a spin-three Lyapunov exponent (3) = 4=.
The general result for SL(N) higher spin gravity was shown to be (N) = 2(N   1)= in [9].
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Figure 1. CFT at nite temperature  1 with heavy operators at spatial innity.
2pi
Φ(∞)
Φ(−∞)
Figure 2. CFT on a cylinder with heavy operators at temporal innity.
familiar situation in the literature is when such an operator is inserted at temporal innities
on a cylinder of radius 2 as shown in gure 2. In this situation the vacuum energy of
the cylinder is shifted from its usual conformal value (summing over both holomorphic and
antiholomorphic sectors),
E + E =   c
12
!   c
12

1  24
c

: (1.3)
Furthermore, the analysis of [10, 11] shows that correlators of light operators inserted in
the vacuum shown in gure 2 can be reproduced by considering the transformation to the
plane
z = e i ~w;  =
r
1  24
c
: (1.4)
Here z is the coordinate in the plane and ~w is the coordinate on the cylinder. It is easy to
see the vacuum energy (1.3) follows from the Schwarzian of the above transformation. We
thus see that the cylinder acquires a decit angle 2(1  ). Holographically, this vacuum
is dual to a conical defect created by a particle of mass m = ( + )=R where R is the
radius of AdS3. The thermal state described in gure 1, though not very familiar, can be
thought of as a Wick rotation of that in gure 2. The presence of the operator  shifts the
energy density of the thermal state,
E + E = c
2
32
! c
2
32

1  24
c

: (1.5)
Note that we can obtain (1.3) from (1.5) by the replacement  ! 2i. We show that corre-
lators of operators with scaling dimensions much less than  see an eective temperature
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dierent from , given by
1

=
1

s
1  24
c

: (1.6)
This eective temperature decreases when  > 0 while it decreases when  < 0. In
particular, we can argue that the rescaled temperature interpretation applies beyond one-
point functions to include two-point functions of light operators whose correlators in the
nontrivial vacuum, at large c, can be viewed as heavy-heavy-light-light correlators which
can be evaluated as in [11, 12]. Extending the argument to include correlators of two
additional heavy and two light operators in the nontrivial state (as required for computing
EE/RE following a local quench), we conclude that the OTO four-point function of light
operators in the vacuum given in gure 2 yield a shifted Lyapunov exponent,
L =
2

r
1  24
c
: (1.7)
Thus the presence of a negative dimension operator would violate the chaos bound of [6]
which proposes L  2=. This is in turn consistent with the fact that the bound is
expected to be violated in non-unitary theories.
Do such situations, as depicted in gures 1 and 2, with  < 0 arise in known conformal
eld theories? Vacua with negative scaling dimensions or ground states which break scale
invariance are known to exist in non-unitary CFTs. It is such a ground state which is
responsible for a positive single interval entanglement entropy in CFTs with c < 0 like the
Lee-Yang non-unitary minimal model at c =  22=5 [13]. In this paper, we demonstrate
that such examples can also arise holographically, i.e. vacua with  < 0 and jj 
O(c) are realised in semiclassical holographic setups at large-c. For this we examine the
holographic realization of a CFT with a W
(2)
3 symmetry. This algebra was rst considered
by Polyakov [14] and Bershadsky [15] and is reviewed in some detail in section 3. The
algebra is generated by the stress tensor, two spin 3=2 currents and a U(1) current, the
latter at level . The central charge of the algebra is related to the U(1) level  via,
c =
(2k   3)(3k   1)
k   3 ;  =  
2k   3
3
; (1.8)
where k is the level of the sl(3) ane algebra from which the W -algebra arises by the
procedure of Drinfel'd-Sokolov reduction. Within the holographic framework it can be
understood in terms of a non-principal embedding of SL(2;R)SL(2;R) within SL(3;R)
SL(3;R) Chern-Simons theory [16, 17] at level k.
The algebra has positive central charge which can be taken to innity and therefore
studied in the semiclassical limit. Since the level  of the U(1) current algebra becomes
negative, the semiclassical limit renders the associated theory nonunitary. Nevertheless,
the W
(2)
3 algebra has certain interesting nontrivial features. We rst use the representation
theory of the W
(2)
3 algebra to show that the theory admits a one parameter set of degenerate
ground states. The holographic Chern-Simons framework reproduces this ground state
manifold and in addition xes the conformal dimension of each of these states to be  =
  c8 . The individual states are distinguished by their spin-1 and spin- 32 charges. The value
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of the conformal dimension of the ground state and the resulting non-trivial vacua of the
kind shown in gures 1 and 2 follows from the smoothness condition which demands that
the holonomy of the Chern-Simons connection be trivial along the spatial or temporal
circles at zero and high temperatures respectively.
We probe aspects of the excited thermal state admitted by the W
(2)
3 CFT (as in gure 2)
in more detail. We evaluate the holographic entanglement entropy using the Wilson line
prescription of [18, 19] and conrm that its short distance expansion nontrivially matches
that expected from heavy-heavy-light-light correlators in a thermal state excited by an
operator of dimension  =   c8 . The Wilson line correlator can also be used to compute
the change in EE following a local quench which can be viewed as an infalling conical
decit state (carrying U(1) and spin- 32 charges) in the W
(2)
3 black hole state. Following
this correlator by analytic continuation into the Regge limit [20] we obtain the OTO four
point-function and show that the bound of [6] on the Lyapunov exponent is violated as
would be expected in eq. (1.7) with  =   c8 .
The organization of the paper is as follows: in section 2, we lay out the general argu-
ments for the appearance of a rescaled temperature in one-point functions and higher-point
functions of light operators, in the presence of the nontrivial vacuum ji. In section 3, we
briey review the holographic Chern-Simons realization of the CFT with W
(2)
3 symmetry.
We also examine the representation theory of this algebra in the semiclassical limit and see
how its nontrivial features are reproduced by the Chern-Simons framework. This allows the
identication of the ground state conformal dimension as  =   c8 . Sections 4 and 5 deal
with evaluation of holographic entanglement entropy using the Wilson line prescription. In
section 6 we discuss the calculation of the OTO correlator using the Wilson line EE in the
presence of a local quench. We elaborate on various open ends and interesting questions
for future work in section 7.
2 Properties of a non-trivial vacuum in 2d CFT
We will be interested in a CFT state obtained by the action of an (h; h) conformal primary
 with conformal weights h = h =  on the conformal vacuum,
 j0i = ji : (2.1)
At zero temperature, for the CFT on a spatial circle of length ~L, we may consider CFT
\in-out" amplitudes,
h( t0)ij : : : j(t0)i ; t0 !1: (2.2)
By modular invariance of the nite temperature CFT partition function, at high temper-
ature   ~L we are then led to consider the following density matrix:
 = ( ~L=2)e H (~L=2) ; ~L!1 ; (2.3)
where it is important that the operator insertions are kept at spatial innity. The putative
interpretation of such a state emerges upon using modular invariance to deduce the high
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temperature free energy. As is customary we rst normalize the spatial length ~L = 2 and
dene  = i=(2). Then modular invariance of the partition function,
Z
   1;  1 = Z(; ) ;  = i
2
; (2.4)
constrains the free energy in the limit  ! i0:
F =    1 lnZ
!i0+ '  1

2i


L0 min   c
24

  2i


L0 min   c
24

: (2.5)
Here L0 min = L0 min =  is the conformal weight of the (zero temperature) ground
state, so that
F ( ! i0+) =   
2c
32

1   24
c

: (2.6)
At this stage, we could have two possible interpretations when compared with the result
for the usual thermal state in a CFT with a conformal vacuum with  = 0:
1. It is tempting to propose, following e.g. [13], that the central charge is shifted to a
new \eective value" ce ,
c ! ce = c   24 : (2.7)
2. We will nd evidence that favours an alternative interpretation, namely that the
temperature of the theory is shifted to a new eective value,
 !  = q
1  24c
: (2.8)
We are able to argue that it is the second interpretation which is consistent with the be-
haviour of two- and three-point correlation functions. Furthermore, while either interpre-
tation could be adopted to explain changes or shifts in one-point functions of observables,
a shift in the central charge would nd its way into the stress tensor OPE. Since this would
imply a modication of the short-distance properties, we disfavour this interpretation.
2.1 Correlators in the excited state
One-point functions. We now explain how the interpretation of a rescaled temperature
appears via correlation functions. Consider rst the expectation value of the stress tensor
in such a state,
hT i;  h(1)Tww(w) ( 1)ih(1) ( 1)i : (2.9)
Here w is the co-ordinate on the thermal cylinder related to the coordinate on the z-plane
as z = e2w= . Since  is a primary, the expectation value can be deduced by application
of the conformal Ward identity for the three-point function involving the stress tensor and
two conformal primaries,
hT i; =

2

2
   c
2
62
; (2.10)
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where the second term is the usual thermal energy density which arises from the Schwarzian
for the transformation from the plane to the thermal cylinder. Let us rewrite the expression
for this expectation value more suggestively:
hT i; =   c
2
62

1  24
c

=   c
2
62
: (2.11)
As pointed out above, there are two possible ways to interpret the result when compared to
the result for the usual thermal vacuum. Since the central charge can be measured by a local
OPE which is unchanged from the usual one, we choose the second option. Thus the eect
of the presence of a nontrivial local operator in the thermal state is reected by the change
in the eective temperature according to (2.8). In particular, the eective temperature of
the thermal state decreases if it is excited by an operator of positive conformal dimension,
while it increases if excited by a negative dimension operator.
The operator  we consider will be such that   O(c) in the large c limit. For
later reference we can also evaluate the entropy of this state. The total energy density
is given by the sum of the expectation values of the stress tensor in the holomorphic and
antiholomorphic sectors,
Etot =  hTwwi   hT w wi = c
2
32
: (2.12)
We now examine what happens to the entropy of such a state. The rst principles approach,
following Cardy [21], is to identify the density of states at high temperature as the saddle
point of the inverse Laplace transform of the partition function,
%(E) '
Z
d Z() e 2iE ; (2.13)
where we have only focussed on the holomorphic sector for clarity. Using modular invari-
ance in the presence of the nontrivial ground state in the high temperature limit,
Z()

!i0+
' e 2i(  c24)= ; (2.14)
we identify the saddle point of the integral (2.13) and nd the value of the density of states
at the saddle point to yield the total entropy (summing over both chiral sectors),
S = ln %jsaddle-pt =
22c
3

1  24
c

: (2.15)
This is consistent with the usual thermodynamic relation dS = dEtot which leads to
the same result. The form of the entropy does not immediately support the proposed
temperature rescaling (2.8) as the most natural interpretation. For this we need to examine
two- and higher-point correlation functions in the large-c limit.
Two-point function in heavy state (HHLL). We can now consider probing the
excited heavy state ji by two light operators of weights hL  O(1), so we are interested
in the correlator,
C4 = h(1)OL(w1; w1)OL(w2; w2) ( 1)ih(1)( 1)i ; (2.16)
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in a large-c CFT. Since the dimension of the light operators is parametrically smaller than
that of the heavy operators and we take c!1, we can use the monodromy method [11, 12]
to evaluate this correlator. Before we do this we can rst check what the temperature
rescaling proposal (2.8) would yield. According to this, we should simply obtain the thermal
two-point function of an (hL; hL) primary:
eC4 = hOL(w1; w1)OL(w2; w2)i = 4hLh
2 sinh


(w1   w2) sinh  ( w1   w2)
i2hL
 =
q
1  24c
: (2.17)
We now proceed to evaluate C4 as dened in (2.16), by thinking of it as the four-point
function involving two heavy states and two light states in the large c limit. Using the
result for the conformal block in this limit, dominated by the vacuum exchange, we obtain
for the holomorphic part of the correlator on the z-plane,
h(1)OL(z1; z1)OL(z2; z2)(0)i
h(1)(0)i

holomorphic
(2.18)
= exp

 c L
6

(1  ) log(z1z2) + 2 log (z

1   z2 )


;
where
L =
6hL
c
;  =
r
1  24
c
: (2.19)
This is obtained by applying the monodromy method in the HHLL limit, focussing only
on the vacuum block [12, 22]. The anti-holomorphic contribution is identical to the above
with the replacement z ! z. Now we can nd the correlator at nite temperature , by
mapping to the thermal cylinder:
z = exp

2w


: (2.20)
Using the transformation rule for the primaries we nd
C4 = eC4 ; (2.21)
demonstrating that probing the thermal state at temperature  excited by a primary of
dimension , by two light operators in the large-c limit, is equivalent to evaluating the
two-point function of the light operators in a theory at temperature  given by (2.8).
Three-point function of light operators (HHLLL). Let us see what happens when
we probe the state with 3 light operators. The correlator of interest is
C5 = h(1)OL(w1; w1)OL(w2; w2)OL(w3; w3)( 1)ih(1)( 1)i : (2.22)
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We again use the fact that the presence of the excited state can be viewed as the CFT at
temperature  1 . For the holomorphic part of the correlator, the result is then given by
eC5
holomorphic
= (2.23)


3hL CLLLh
sinh  (w1 w2)sinh  (w2 w3)sinh  (w3 w1)
ihL
+



2hL2

hL 
sinh  (w1 w2)
2hL +



2hL2

hL 
sinh  (w2 w3)
2hL
+



2hL2

hL 
sinh  (w3 w1)
2hL :
Here CLLL is the structure constant of the light operators. The last three terms are
contributions from the one-point function of the operators in the thermal vacuum with
the rescaled temperature , and  is the strength of the one-point function. We can
evaluate the correlator C5 on the z-plane using the monodromy method and compare with
the above [23, 24]. The monodromy method applies when one of the operators is well
separated from the other two. Accordingly, for operator insertions at fzi=1;2;3g, taking the
limit of small z3, the answer on the plane is given by,
C5 = exp

 cL
6

(1  ) log(z1z2) + 2 log (z

1   z2 )


1
z3
hL
: (2.24)
The map from the plane to the cylinder at temperature , fzi = e2wi=g nally yields,
C5 =



2hL 2

hL 1h
sinh  (w1   w2)
i2hL : (2.25)
Comparing eC5 in (2.23) with C5 we see that the two agree in the limit w3 !  1, if we
make the identication,
 =  hL : (2.26)
In this limit the connected part drops out, and only the disconnected part in this channel
contributes.
The HHLLLL correlator. The six-point function involving four light operators in a
heavy state is the essential ingredient required for understanding the time evolution of
entanglement entropy in the presence of a local quantum quench. Analytic continuation of
these yields OTO correlators which are diagnostics of late time chaotic behaviour. On the
thermal cylinder, the correlator of interest is
C6 = h(1)OL(w2; w2)OL(w3; w3)O
0
L(w4; w4)O0L(w1; w1) ( 1)i
h(1) ( 1)i : (2.27)
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The light operator OL is taken to have conformal dimension hL while the scaling dimension
of the other light eld O0L is h0L with
  h0L  hL : (2.28)
As before, we rst view the correlator as a four-point function in the thermal state with
rescaled temperature 1=,
~C6 = hOL(w2; w2)OL(w3; w3)O0L(w4; w4)O0L(w1; w1)i : (2.29)
Since h0L  hL we can simply use the four-point function involving two heavy and two
light (HHLL) operator insertions at the temperature 1=. This is given by
~C6 = (2.30) 


1
sinh  (w1   w4)
!2h0L  


1
sinh  (w2   w3)
!2hL  
0(1  x)
(1  x0)x 1 02
!2hL
where
0 =
r
1   24h
0
L
c
; x =
sinh  (w1   w2) sinh  (w3   w4)
sinh  (w1   w3) sinh  (w2   w4)
: (2.31)
Using our observations on the four-point and ve-point functions, we claim that when
  h0L  hL, and in the large c limit, the six point function in (2.27) is given by ~C6:
C6

h0LhL ; c!1
= ~C6 : (2.32)
It is easy to check this relation when the insertions of the same light operator come close
together. Consider the correlator C6 in the limit w2 ! w3 and examine it on the plane in
the identity block. Applying the monodromy method and from the analysis of [11, 12], we
know that the correlator factorises into four-point functions as
C6jz2!z3 =
h(1)OL(z2; z2)OL(z3; z3)(0)i
h(1)(0)i
h(1)O0L(z1; z1)O0L(z4; z4)(0)i
h(1)(0)i : (2.33)
The result for each of these four-point functions on the plane yields,
C6

z2!z3
= exp

 hL

(1  ) log(z2z3) + 2 log (z

2   z3 )


(2.34)
 exp

 h0L

(1  ) log(z1z4) + 2 log (z

1   z4 )


:
Now transforming to the thermal cylinder with periodicity , using z = e2w= we obtain,
C6jw2!w3 =
 


1
sinh  (w1   w4)
!2h0L  


1
sinh  (w2   w3)
!2hL
; (2.35)
which matches the proposed result:
eC6
w2!w3
= C6

w2!w3
: (2.36)
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We take this and the agreement of the four- and ve-point functions in various factorization
channels, as evidence for the relation proposed in eq. (2.32).
In our arguments above, we have focussed attention on correlation functions of light
operators on the plane, in the presence of insertions of the heavy state , and then trans-
formed the result to the thermal cylinder at temperature  1. We then see the rescaled
eective temperature  1 emerge in the process. It is useful to motivate this by following
a slightly dierent line of reasoning as done below.
Consider the four-point correlator of two heavy and two light operators (HHLL) at
large-c and some nite temperature ^ 1. For the heavy operators with dimensions h0L and
the light operators with dimension hL, the HHLL correlator has the standard form:
C4(^) =
 

^
1
sinh 
^
(w1   w4)
!2h0L  

^
1
sinh 
^
(w2   w3)
!2hL  
0(1  x)
(1  x0)x 1 02
!2hL
;
(2.37)
with the cross-ratio at temperature ^ 1,
x =
sinh 
^
(w1   w2) sinh ^ (w3   w4)
sinh 
^
(w1   w3) sinh ^ (w2   w4)
; (2.38)
and 0 as given in (2.31). Now, the thermal state at temperature 1=^ in the large-c theory
can be thought of as a heavy state with eective dimension BH >
c
24 such that,
1
^
=
1
2
r
24BH
c
  1  i 
2
: (2.39)
We can then view the thermal correlator as a four-point function evaluated in the black
hole heavy state ji (in the large c limit), which is eectively a six -point function at zero
temperature. With this viewpoint we convert the correlator in (2.37) to the plane by the
conformal transformation
z = eiw ; (2.40)
where w has periodicity 2:
C06pt =
h(1)OL(z2; z2)OL(z3; z3)O0L(z4; z4)O0L(z1; z1)(0)i
h(1)(0)i (2.41)
=
 

(z2   z3 )(z2z3)
1 
2
!2hL  

(z4   z1 )(z4z1)
1 
2
!2h0L  
0(1  x)
(1  x0)x 1 02
!2hL
;
and x is the cross-ratio expressed on the plane,
x =
(z1   z2 )(z3   z4 )
(z1   z3 )(z2   z4 )
: (2.42)
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We may readily get from this correlator (2.41) on the plane to a thermal correlation function
at any temperature  1 by using the exponential map z = e2 ~w= . The procedure yields
~C6 with rescaled temperature as discussed above.3
2.2 Renyi entropy in an excited thermal state
We can use the result for the two-point function of light operators in the excited heavy
state at nite temperature to evaluate Renyi entropies. The role of light operators is now
played by the twist elds (n; n) used to implement the replica trick, and whose conformal
dimension we take to be of the form [32]:
h =
c
24

n  1
n

; (2.46)
with n the number of replicas. First we look at the zero temperature correlator in the
presence of the heavy state ji for the CFT on a circle:
C4 jRtS1 =
h(t!1) n(L) n(0) (t!  1)i
h(t!1) (t!  1)i : (2.47)
Applying the conformal map from the cylinder to the plane,
z = exp(2iw) ; (2.48)
3While this work was being prepared, the preprint [25] appeared which has overlap with the present
discussion, particularly with regard to OTO correlators in the presence of a heavy state , and the in-
terpretation in terms of an eective temperature . Crucial to this is the branch point at x = 1 (or
equivalently x = 0), around which x must be rotated anticlockwise, x! x e2i, in order to get the out-of-
time ordering, and subsequently take the limit x ! 1 to approach the Regge limit for chaos [20]. In this
limit, ignoring the two overall factors dictated only by the scaling dimensions of the operators OL; O
0
L, the
key dependence on the cross ratio becomes,
ln ~C6

x!1 /  2hL ln

1 +
24ih0L
c(1  x)

: (2.43)
This expression translates in the real time setting into an exponential growth of the OTO correlator, from
which the Lyapunov exponent is read o. To obtain this nal form, we have assumed a double scaling limit
with h0L  j1   xj  1. On the plane the cross-ratio x is given by eq. (2.42) with  =
p
1  24=c.
In [25], a six-point correlator with two heavy insertions was deduced in the large-c theory with no heirarchy
between hL and h
0
L i.e.   h0L; hL. Focussing attention on eq. (4.3) of that paper, after translating
their insertion points in terms of ours, we can express their result as a function of our cross-ratio x (as in
eq. (2.42)),
C6(x)  exp

 2hLh
0
L
c
(1  x)2 2F1(2; 2; 4; 1  x)

; (2.44)
where we have again ignored the overall contributions proportional to the two-point functions of the op-
erators OL; O
0
L. The hypergeometric function has a branch cut along x 2 f0; 1g. The rotation by a
2-phase around the branch-point at x = 0 shifts the hypergeometric function, which yields the dominant
contribution to the OTO in the Regge limit,
C6

x!1  limx!1 exp

 24ihLh
0
L
c
(1  x)2 2F1(2; 2; 1;x)

= exp

 2hL 24ih
0
L
c(1  x)

; (2.45)
which agrees with the limit obtained from our expression for ~C6 when formally expanded in powers of h0L
to lowest order.
{ 12 {
J
H
E
P10(2019)077
from (2.18) we arrive at the Renyi entropy,
Sn =
1
1  n log C4 jRtS1 = cp
n+ 1
6n
log

sin(L)


; (2.49)
which matches the expected Renyi entropy in the presence of a heavy operator or conical
defect state. For the theory at nite temperature then we use the exponential map from
the Euclidean thermal cylinder to the plane, z = exp(2w=), and the Renyi entropy is
given by the replacement L!  iL=,
Sn() =
1
1  n log C4() =
n+ 1
6n
c log



sinh


L


: (2.50)
This agrees with holographic calculations of EE in a conical decit state, and is non-trivial
since it only relies on the vacuum block contribution to the HHLL correlator. A short
distance expansion yields a cross-check of the result. Consider, under general assumptions
discussed below, the OPE of the twist-antitwist elds,
n(L;L)n(0; 0)  1
L4h

1 + 2
h
c
L2
 
Tww(0) + T w w(0)

+   

: (2.51)
Substituting this into the four-point function (2.47), and using the stress tensor one-point
function (2.12) in the excited state, we nd the short distance expansion of the Renyi
entropy,
lim
L!0
Sn() = c
n+ 1
6n

logL + L2
2
62

1  24
c

+   

: (2.52)
This coincides with the short distance expansion of (2.50).
Let us now briey discuss the validity of the OPE in eq. (2.51).
1. We are assuming that no primaries appear on the right hand side of (2.51). Note
that we can derive the structure constant hnnOi for any primary eld O using
the uniformization map. Since primaries do not yield Schwarzian-like shifts under
conformal transformations (and assuming no one-point functions for O) the relevant
structure constant vanishes.
2. Thus the only non-trivial contribution to the twist-antitwist OPE can arise from
a quasi-primary eld like the stress tensor, its composites or composites of other
primary elds.
3. The fact that the leading term in the OPE is the identity operator assumes that
there are no composite elds with negative conformal dimension. In particular, while
we will allow for a primary eld  with negative conformal dimension  < 0, we
assume that there are no other quasi-primary elds with negative dimensions in the
theory.
4. We have also assumed that the there are no quasi-primaries with dimensions 0 <
  2 other than the stress tensor. Note that for a U(1) current J , the composite
J2 is a quasi-primary of dimension 2, but for the moment we assume that the theory
does not admit such a current.
These comments justify the OPE in (2.51).
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We will be examining a situation in holography in which the vacuum not only has
negative conformal dimension, but also carries U(1) charge. In this situation the holo-
graphic result admits a short distance expansion of the type in eq. (2.51) accompanied by
a contribution from J2.
2.3 Local quench and OTO correlator
The four-point function (HHLL) in a black hole heavy state (eectively the six-point cor-
relator) can be used to compute the time evolution of entanglement entropy following a
local quench [33, 34] i.e. a nite energy perturbation by a local operator. We examine
the correlator C6() with the heavy operator O0L inserted at the locations (w1; w1) and
(w4; w4), and twist eld insertions at (w2; w2) and (w3; w3) which are lightcone coordinates
of the end points of the interval of interest,
w1 =  i ; w1 = +i ; (2.53)
w2 = `1   t ; w2 = `1 + t ;
w3 = `2   t ; w3 = `2 + t ;
w4 = i ; w4 =  i :
The parameter  smears the excitation over a nite size pulse. We then use C6() (eq. (2.30))
to compute the change in entanglement entropy as a function of time (see e.g. [8, 35]) where
the state is thermal with insertions of the operator  at spatial innity on the thermal
cylinder, the lightest operators being the twist elds (hL = h):
SEE = lim
n!1
2
1  n ln
C6
 


1
sinh  (w1   w4)
! 2h0L (2.54)
=
c
6
ln
8<: 220 2 sinh2  (`2   `1)
h
1  (1  z)0
i h
1  (1  z)0
i
(1  z)0 12 (1  z)0 12 zz
9=; :
The cross-ratio z with rescaled temperature is given by,
z =
(z2   z3)(z1   z4)
(z2   z1)(z3   z4) ; zi = exp

2

wi

: (2.55)
The cross ratios z is related to the previously introduced variable x (see (2.31)) as x =
1=(1   z). Now we scale the dimension of the operator O0L to be such that the energy
carried by the pulse is xed in the limit of small width  [8]. This requires h0L to scale with
, while also allowing it to scale with c in the large-c limit. Thus
h0L
c
=
E
c
 1;   ; (2.56)
with Ec xed in the large c limit. Then performing a small width expansion we obtain
the time dependence of the entanglement entropy of the interval. When the pulse induced
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by the local quench enters the interval SEE grows, reaches a maximum and subsequently
decreases as the pulse exits the interval:
6
c
SEEj`2>t>t1 = ln

1 + 12

E
c
Z 1`1`2(t)

+O() (2.57)
where
Z`1`2(t) =
sinh  (`2   `1)
sinh  (t  `1) sinh  (`2   t)
: (2.58)
The height of the plateau in the jump SEE can be obtained easily in the limit of large
interval length:
SEEj`2t`1 =
c
6
ln

1 +
6E
c

=
c
6
ln
 
1 +
2E
s
r
1  24
c
!
: (2.59)
Here s is the thermal entropy density in the excited state (with insertion of the operator
 at spatial innity) following from (2.15),
s =
S
2
: (2.60)
The correlator used to obtain the EE following the quench also yields an OTO correlation
function upon appropriate analytic continuation [8] into the second sheet as a function of
the cross-ratio z, and taking the so-called Regge limit [20] where the cross ratio z is small.
The OTO correlator in the excited thermal state is then (taking t `2  `1),
COTO =

2
2
sinh2


(`2   `1)

1   6E
c
e
2

(t+i1 `2)
 2h
: (2.61)
Here an imaginary part i1 is added to t which ensures that the correlator is evaluated on
the second sheet for t > (`1 + `2)=2. The exponential decay of the correlator is governed
by the Lyapunov exponent,
L =
2

=
2

r
1  24
c
: (2.62)
Therefore, with  > 0, the Lyapunov exponent is lower than the Maldacena-Shenker-
Stanford bound [6], whereas the bound is violated when  < 0.
Hence we have shown if a non-unitary theory at large c admits a state of large negative
dimension, then the OTO correlator in that state has an associated Lyapunov exponent
which violates the bound. Below we will consider the holographic (large-c) realization of a
CFT with W
(2)
3 symmetry, also known as the Polyakov-Bershadsky algebra, which exhibits
these features alongside other accompanying novel aspects.
3 W
(2)
3 symmetry and holography
Gravity in asymptotically AdS3 spacetimes can naturally be formulated in terms of Chern-
Simons theory with SL(2;R) SL(2;R) gauge symmetry [36, 37]. Higher spin symmetries
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Figure 3. The grand potential for the four branches of black holes with spin-three chemical
potential . Here  = 1, T the temperature, and the grand potential is plotted as a function of the
dimensionless parameter T .
can be incorporated by extending the gauge group and in particular, SL(N;R) SL(N;R)
Chern-Simons theory yields gravity and a (nite) tower of higher spin gauge elds on AdS3.
In this situation, the asymptotic symmetry algebra is a W -algebra. The W -symmetry
depends on how gravity (as an sl(2) subalgebra) is embedded in SL(N;R). The principal
embedding yields a WN symmetry in the boundary CFT generated by the stress tensor
and (N   1) higher spin currents [38, 39]. Other non-principal embeddings give rise to
W -symmetries with half-integer spin currents. In the simplest situation with N = 3, a
black hole solution carrying spin three charge was found in [16, 31, 40] by turning on a
chemical potential deformation for the associated current. The corresponding irrelevant
deformation yields at Chern-Simons connections that appear to interpolate between two
dierent asymptotic symmetric algebras, namely the standard W3 symmetry (in the IR)
generated by the stress tensor and the spin three current, and a dierent (UV) W
(2)
3
symmetry algebra (from the `diagonal' embedding) generated by the stress tensor, two
spin-32 currents and a U(1) current.
It was found in [17] that thermal boundary conditions for the sl(3) Chern-Simons
connections with spin three chemical potential admit four distinct branches, only one of
which is smoothly connected to the BTZ black hole in the limit of vanishing chemical
potential. The free energy of the BTZ branch can be expanded in powers of T and can
be shown to agree precisely with results from large-c limit of CFT with W3 symmetry. As
displayed in gure 3, the BTZ branch merges with Branch II and then ceases to exist beyond
a critical value of (T ). Of the two remaining branches, Branch III is thermodynamically
favoured and its high T limit expected to match the thermodynamics of a large-c CFT
with W
(2)
3 symmetry. Our original motivation was to understand from a CFT perspective,
certain intriguing aspects of this (UV) theory.
3.1 W
(2)
3 algebra and semiclassical limit
In this section we discuss relevant features of the Polyakov-Bershadsky algebra and its
semiclassical limit. The main purpose of this section is to point out that the semiclassical
limit of this algebra, in the Ramond sector, has an immediate interpretation which non-
trivially matches the dual AdS bulk black hole description in terms of the at connections
of SL(3;R) SL(3;R) Chern-Simons theory.
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The best understood series of W -algebra CFTs are these with conventional WN -
algebras which can be seen to arise via the GKO coset construction [26, 27], or alternatively
using Drinfel'd-Sokolov (DS) reduction [28]. Such reductions are assocated to sl(2) embed-
dings in sl(N) and conventional WN -algebras are associated to the principal emebdding
of sl(2) in sl(N). However, the DS construction can be generalized to other sl(2) embed-
dings. For N = 3, one such non-principal embedding yields the W
(2)
3 -algebra. In a CFT
with W
(2)
3 W (2)3 symmetry, the algebra is realized via the OPE of the stress tensor T (z),
two spin-32 currents G
(z) and a U(1) current J(z):
T (z)T (0) =
c
2z4
+
2T (0)
z2
+
@T (0)
z
+    (3.1)
T (z)J(0) =
J(0)
z2
+
@J(0)
z
+    ; T (z)G(0) = 3G
(0)
2z2
+
@G(0)
z
+    ;
J(z)J(0) =

z2
+    ; J(z)G(0) = G
(0)
z
+    ;
G+(z)G (0) =
(k   1)(2k   3)
z3
  3(k   1)J(0)
z2
+
1
z

(k   3)T (0) + 3 : J(0)2 :   3
2
(k   3)@J(0)

+   
where k is related to the level of the sl(3) ane algebra and the central charge c is given by4
c =
(2k   3)(3k   1)
k   3 ;  =  
2k   3
3
: (3.2)
In the context of AdS3/CFT2 duality for higher spin theory, k is the level of the SL(3;R)
SL(3;R) Chern-Simons theory in the bulk dual. The semiclassical limit for the latter
requires
c!1; k !1 ; c = 6k : (3.3)
In this limit however, the level of the U(1) current algebra  !  2k=3 becomes negative
and large and thus the corresponding CFT cannot be unitary.
Using the (Laurent) mode expansions for the currents,
J(z) =
X
n
z n 1Jn ; G(z) =
X
n
z n 
3
2Gn ; T (z) =
X
n
z n 2Ln ; (3.4)
we can represent the algebra in terms of the commutation relations for the modes (A.1).
Although the currents G have half-integer spin, they are bosonic and the algebra is
nonlinear.5 The half-integer spin elds allow for both integer (Ramond) and half-integer
(Neveu-Schwarz) modings.
4Usually, the W
(2)
3 algebra is written in terms of the ane algebra level k^ =  k (see e.g. [29]).
5In this respect it diers crucially from the N = 2 superconformal algebra with which it bears some
obvious similarity.
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3.2 Ramond sector zero mode algebra and the semiclassical limit
Let us focus attention on the Ramond sector where Gn are integer moded, and in particular,
on the zero mode sector spanned by fL0; G0 ; J0g. The algebra of the zero modes,
[L0; J0] =

L0; G

0

= 0 ;

J0; G

0

= G0 ; (3.5)
G+0 ; G
 
0

=  (k   1)(2k   3)
8
+ (k   3)L0 + 3J20 ;
has two Casimirs which label a given representation: the rst is L0 = 1 which yields the
conformal dimension, while the second Casimir is
1
2
fG+0 ; G 0 g + J30 +

(k   3)L0 + 1
2
  (k   1)(2k   3)
8

J0 = 
(3)1 ; (3.6)
where the rst term on the left hand side is the anticommutator of the two zero modes.
The representations of the zero mode algebra have a structure that is quite similar to that
of SU(2). Highest weight states j i in the Ramond sector come in degenerate multiplets
spanned by the states
 
G+0
j j iobtained by the action of the raising operator. For an
irreducible representation R of dimension n, the generators of the zero mode algebra can
be represented as n n matrices (see [30]):
J0 = y 1nn + diag

n 1
2
;
n 3
2
; : : : ; n 1
2

; L0 = 1nn (3.7)
 
G+0

`;j
=
r
j(n j)

3y+
n
2
 j

j;`+1 ; G
 
0 =
 
G+0
y
; ` = 1; 2 : : : n 1 :
The conformal dimension  and the second Casimir (3) can be epxressed in terms of the
three quantum numbers (k; n; y) as
 =
1
8(k   3)
 
(2k   3)(k   1) + 2  2n2   24y2 ; (3) = 1
2
y
 
n2   4y2 : (3.8)
In the large-k semiclassical limit, the central charge c! 6k, and letting both n and y scale
with k, we nd
jk1 !
c
24
  3n
2
2c
  18y
2
c
: (3.9)
Thus the conformal weights of the highest weight states are negative denite in this limit.
It is useful to rewrite the Casimirs in terms of the highest weight vectors  used to
label the corresponding representations. In terms of these the conformal dimensions of the
highest weight states (in the Ramond sector) is given by [30]
 =
  ( + 2)
2(3  k)   ~  +

8
: (3.10)
Here  is the Weyl vector, given by the sum of the fundamental weights (w1;w2) and
~ = w2 for sl(3). A convenient basis for the weight space of sl(3) is provided by the three
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linearly dependent vectors (e1; e2; e3) satisfying
P
i ei = 0 and
6
hei; eji = ij   1
3
: (3.11)
In terms of these, the fundamental weights of sl(3) are w1 = e1 and w2 = e1 + e2. The
highest weight vector  can be expressed in this basis as
 =

 k + 1 + n
2
+ 3y

e1 +

 k + 2  n
2
+ 3y

e2 : (3.12)
From this, it is clear that the dimension of the representation is also determined compactly
in terms of ,
n = (e1   e2)  + 1 : (3.13)
In the semiclassical limit of large k, it is thus natural to take both the dimension of the
representation n and the parameter y to scale with n, so that

k!1   ! k  ;    n
2k
(e1   e2) 

3y
k
  1

e3 : (3.14)
The Weyl vector for sl(3) is independent of k and thus can be neglected in the formula
for  in this limit. An immediate consequence of this is that both the Casimirs  and
(3) depend only on the combination ! =   + ~. Viewing ! as a vector in R3 with
components (!1; !2; !3), we dene the quantities
Cs(!) =
1
s
3X
i=1
!si : (3.15)
Thus we may write the Casimir conditions for the ground states (in the semiclassical
limit) as
hL0i   c
24
k!1   !  k C2(!) ; (3.16)
(3)1
k!1   !

1
2
fG+0 ; G 0 g + J30 +
c
6
J0

L0   c
24

= k3C3(!) :
We note that in the semiclassical limit, the dimension of the representation becomes innite
as n  O(k), and the zero mode matrices (J0; G0 ) eectively commute. In particular, the
scaling of the o-diagional entries in eq. (3.7) implies that G0  O(k3=2), while L0  O(k)
and J0  O(k) in the large-k limit, and the commutator [G+0 ; G 0 ] is thus subleading.
Therefore, the limit of large k is semiclassical in nature, wherein the correspondence prin-
ciple applies and the zero mode operators can be replaced by c-numbers and the Casimir
conditions viewed as algebraic equations.
We are interested in comparing the large-k formulae with corresponding results for the
spin-32 black hole obtained in [17] using the Chern-Simons formulation. In order to make
this comparison, we perform certain rescalings and dene
hG0 i = i3=2
r
k
2
G ; hJ0i = iq; E = hL0i   c
24
: (3.17)
6Explicit representation for ei can be obtained by considering unit vectors (e^1; e^2; e^3) on R3 and dene
ei  e^i   ^=3 where ^ = Pi e^i.
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The factors of i appear when connecting the expectation values of the zero modes on the
z-plane, to those on the cylinder using the map z = eiw. The minus sign and the factor ofp
k have also been introduced in order to match with the conventions for the expectation
values of the W
(2)
3 currents on the cylinder in [17]. The Casimir conditions are thus,
E =  k 1

n2
4
+ 3y2

; (3.18)
2
2
G+G    k 1q3 + q E =   i
2k
y(n2   4y2) :
We will demonstrate two important results below:
1. The left hand sides of the two Casimir equations are to be identied with the traces of
the square and the cube of the SL(3;R) Chern-Simons connection which determines
the higher spin dual gravity background.
2. The atness requirement for the Chern-Simons connection corresponds to picking the
saddle point of the path integral over the manifold (at large k) of zero mode ground
states in the Ramond sector.
3.3 Chern-Simons bulk dual at large c
The holographic description of a W
(2)
3 CFT at large central charge is given by Chern
Simons theory with SL(3;R)SL(3;R) gauge group and gauge connections A(w; w; ) and
A(w; w; ). The  coordinate has the intepretation of the radial direction in AdS3 spacetime
and for translationally invariant states in the CFT, the dependence can be factored out,
and the connections replaced by gauge equivalent constant matrices (a; a):
A = b 1a b+ b 1db; A = b a b 1 + b db 1 ; b = eL^0 : (3.19)
Here L^0 is the dilatation generator associated to the sl(2) algebra in the appropriate non-
principal embedding in sl(3;R). The constant connections (a; a) each have two components:
a = aw dw + a w d w ; a = aw dw + a w d w ; (3.20)
where a w and aw are non-vanishing only when a chemical potential  for spin-
3
2 charge is
turned on. We dene the matrices fL^0; L^1; J0; G1=2; G 1=2g in terms of SL(3;R) generators
as in (B.1). For the moment we ignore the chemical potential and focus attention on
the holomorphic component aw and its antiholomorphic counterpart in the barred sector
a w. Following the conventions in [17], the relevant gauge connection (in highest weight
gauge [31]) is:
aw =

L^1 +
3q
2k
J0   w 2
k
L^ 1 +
p
2k

G+G+ 1=2 + G G  1=2

(3.21)
and similarly in the barred sector
a w =  

L^ 1   3q
2k
J0   w 2
k
L^1   p
2k

G G 1=2   G+G+1=2

: (3.22)
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In [17], by matching the Chern-Simons equations of motion to Ward identities of the W
(2)
3
algebra, it was shown that G and q are the expectation values of the spin- 32 currents and
the U(1) current respectively, while w 2 is the expectation value of the `improved' stress
tensor,
w 2 =

 T (w)  3
4k
J(w)2

= E   3q
2
4k
: (3.23)
Both aw and a w are traceless. However, the higher traces are non-vanishing:
1
2
Tr a2w =
1
k

w 2 +
3q2
4k

;
1
3
Tr a3w =
1
k2

2
2
G+G    q
3
4k
+ w 2 q

: (3.24)
It is clear that these have the same form as the quadratic and cubic Casimirs (3.18) of the
zero mode algebra of W
(2)
3 we encountered above, upon making the identication,
E =

w 2 +
3q2
4k

; (3.25)
exactly as indicated by eq. (3.23).
The Chern-Simons bulk description of the CFT state requires two further inputs. The
rst is the atness of the connection, and the second is the smoothness requirement which
constrains the holonomy of the gauge elds around the compact spatial direction or the
compact (Euclidean) temporal circle in the thermal state. When the holonomy is nontrivial
(or non-smooth) we interpret the corresponding state as a conical decit/excess. The
atness condition is simple in the absence of a chemical potential (i.e. when a w = aw = 0).
At zero temperature, the holonomy of the gauge eld around the spatial circle must be
trivial, corresponding to the higher spin version of global AdS3,
Hol(A)  P exp
I
A

= 1 ; (3.26)
where
A = Aw   A w ; At = i (Aw + A w) : (3.27)
For the zero temperature ground state, this xes the eigenvalues of a:
spec(a) = (i; 0; i) : (3.28)
Since a w = 0 in the absence of chemical potential deformatons, this implies that the ground
state corresponds to an operator  with non-trivial (negative) conformal dimension
E =   c
6
=)  = c
24
  c
6
=   c
8
: (3.29)
Note that there are two zero mode states labelled by the quantum numbers (y; n) with
this energy and holonomy in the semiclassical limit, namely (y; n) = (0; 2k) and (y; n) =
(k=2; k). Both allowed solutions are highly degenerate and in the large k limit, the family
of ground states is characterized by the algebraic variety (3.18).
Next we turn to the CFT in the thermal state. At high temperatures in the semiclassi-
cal limit, modular invariance tells us that the spatial circle at zero temperature is swapped
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for the Euclidean thermal circle with circumference . However, since the zero temperature
ground state(s) have nontrivial conformal dimension  =   c8 (3.29), we expect that the
thermal cylinder is accompanied by insertions of a primary operator  at spatial innity.
Furthermore the manifold of ground states at zero temperature (given by the algebraic
variety at large-c spanned by the zero mode sector) now has a thermal counterpart given
by the smoothness conditions for the holonomy around the thermal circle:
Holt(A) = P exp
I
At

= 1 =) spec(at) =
 
2i 1; 0;  2i 1 : (3.30)
Therefore the constraints on the quadratic and cubic Casimirs are,7
E = k4
2
2
2
2
G+G    k 1q3 + Eq = 0 : (3.31)
With k = c=6, this is the expected high temperature behaviour for the CFT with rescaled
temperature  = =2 as in (2.12).
3.4 Grand canonical saddle point and at C-S connections
We now introduce a bias in the system via a small chemical potential for the spin- 32 currents.
At the level of the CFT action this is a holomorphic (plus antiholomorphic) deformation
ICFT =  
Z
S1Rt
d2w
 
g+G
+(w) + g G (w)

+ h:c: (3.32)
where  is a dimension-12 chemical potential and g are dimensionless parameters. For
simplicity we set g+ = g . In the dual bulk Chern-Simons theory, the deformation modies
the gauge connections so that a w 6= 0 and aw 6= 0 as in [17],
a w = 
p
2

G 1=2  G+1=2

+
3qp
2k

G+ 1=2 +G
 
 1=2

+
G
k
L^ 1

(3.33)
aw = 
p
2

G+ 1=2 +G
 
 1=2

+
3qp
2k

G 1=2  G+1=2

  G
k
L^1

;
and the atness condition [aw; a w] = [aw; a w] = 0, then constrains the expectation values
of the improved stress tensor (3.23) and the spin-32 charges,
w 2 =
9q2
4k
; G = hg+G+i = hg G i : (3.34)
Interestingly, both conditions can be understood as a consequence of a large-k saddle point
of the path integral over the zero mode ground states in the Ramond sector. In particular,
let us consider schematically the path integral (at large k) over the zero modes. The small
 limit is best understood as a high temperature limit where 
p
  1 and we make use
of the high temperature versions of the Casimir conditions (or holonomies)
Z 
Z
dE dq dG+ dG   (3.35)


E   4
2
2
k



2
2
G+G    k 1q3 + qE

e `(G
++G ) : : :
7Note that aw =  iat when  = 0.
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The ellipsis represent any other factors in the partition sum including putative higher order
terms in  and we have introduced an explicit dimensionful factor ` representing the size of
the spatial circle. Also omitted are nite  corrections to the holonomy conditions which
can be found in [17]. Implementing the delta-functions constraints via Lagrange multipliers
and locating the saddle point with respect to q, G, E and the Lagrange multipliers, which
dominates the integral at large k and high temperatures, we nd in the ! 0 limit:
E = 3
k
q2 ; G+ = G  ; (3.36)
which, after using (3.23), reduces precisely to the conditions (3.34) resulting from imposing
the atness of the Chern-Simons connection at nite (small) chemical potential .8
To summarize, we have provided evidence above that the classical, large-c holographic
dual of a CFT with W
(2)
3 symmetry has a large degeneracy of states which appear as a
continuum in the large-c limit, with a large negative conformal dimension. The large-c
manifold of ground states is given by the algebraic variety (3.18).
3.5 Ward identities for nite 
In this subsection, for the sake of completeness, we recall the analysis presented in [17]
where it was shown that Ward identities of the large-c W
(2)
3 CFT with spin-
3
2 chemical
potential , are reproduced by the bulk Chern-Simons eld equations,
da+ a ^ a = 0; da+ a ^ a = 0: (3.37)
We impose the atness conditions on the connections a = aw dw + a w d w and a = aw dw +
a w d w treating their parameters (q; w 2;G) as functions of (w; w) with w =  + it. This
yields the set of rst order equations:
@ w

w 2 +
3
4k
q2

=   @zG; @zq =  4kw 1 ; (3.38)
@ ww 1 =

k

 w 2 + 9
4k
q2

; @ wG = 3

 @wq :
These conditions are equivalent to the Ward identities of the CFT with W
(2)
3 symmetry,
deformed by a spin-3=2 current,
ICFT =  
Z
S1Rt
d2w( w)
 
g+G
+(w) + g G (w)

: (3.39)
The Ward identities of this deformed theory are obtained by computing the expectation
values of the left hand sides of (3.38) pertubatively in , using the identity @ w
 
1
w

=
8We note that the saddle point or C-S atness condition leads to the constraint w 2 = 9q2=4k, which
is incompatible for real non-zero q with the zero temperature holonomy condition (3.24) which requires
w 2 < 0.
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22(w; w) and the OPEs of the currents (3.1),
1
2
@ whT (w)i = 1
2
 @whg+G+(w) + g G (w)i (3.40)
1
2
@ whJ(w)i =   hg+G+(w)   g G (w)i
1
2
@ whg+G+(w)   g G (w)i = 2g+g  hT (w) + 18
c
J(w)2i
1
2
@ whg+G+(w) + g G (w)i = 3g+g  @whJ(w)i:
These Ward identities show that the W
(2)
3 currents are not actually holomorphic after
the chiral deformation (3.39) is introduced. Comparing these with the bulk eld equa-
tions (3.38), the CFT expectation values of the currents can be identied in terms of bulk
quantities,
w 1 =

2k
hg+G+(w)   g G (w)i; G = hg+G+(w) + g G (w)i (3.41)
w 2 = h T (w)   3
4k
J(w)2i; q = hJ(w)i; g+g  = 1
22
:
In the following sections, we will consider situations both with  zero and non-zero from
within the holographic large-c description, and match with our CFT interpretation.
4 Zero charge W
(2)
3 black hole
4.1 Thermodynamics
We now turn our attention to the thermodynamical properties of the holographic large-c
theory in the canonical ensemble ( = 0). We have seen that the high temperature energy
of this thermal state is given by (summing over both holomorphic and antiholomorphic
sectors)
  hT i   h T i = 2E = c 4
2
32
; (4.1)
which then corresponds to the thermal entropy
S = c
82
3
: (4.2)
Both quantities above are a factor of 4 times the expected result for a BTZ black hole (or
high temperature CFT) at temperature  1. The constant Chern-Simons connections for
the zero charge black hole in the non-principal embedding are:
a =

L^1   w 2
k
L^ 1

dw; a =  

L^ 1   w 2
k
L^1

d w : (4.3)
These have the same form as those for the BTZ black hole, the crucial dierence be-
ing the non-principal embedding of sl(2) generators fL^1; L^0g in the sl(3) algebra (see
appendix B.1). Our interpretation of this dierence is that it is a consequence of the
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large (negative) conformal dimension of the zero temperature ground state. The high
temperature expectation value of the stress tensor in this situation follows from the CFT
result (2.10),
hT i; =

2

2
   c
2
62
=  c 2
2
32
; (4.4)
where  =   c8 is the conformal dimension9 of the zero temperature ground state (3.29).
The insertion of this primary on the high temperature thermal cylinder leads to the stan-
dard high temperature thermodynamics, but at a larger rescaled temperature  = =2.
4.2 Entanglement entropy
From holography. The prescription for computing the entanglement entropy in the
Chern-Simons formulation of gravity with higher spin elds involves the calculation of a
bulk (AdS3) Wilson line in a specic representation R, anchored at the endpoints P and
Q of the entangling interval on the boundary CFT [18, 19],
SEE(P;Q) =
k
1=2
ln

lim
P ;Q!1
WR(P;Q)

; (4.6)
WR(P;Q) = TrR

P exp
Z Q
P
A

exp
Z P
Q
A

:
The proposal of [18] included an overall normalization constant 1=2 = 2 when the embed-
ding yields half-integer spin currents, otherwise 1=2 = 1. The constant was introduced
in order that the entanglement entropy agree with the thermal entropy for large intervals
when the former becomes extensive.10 However, in the present context we will see below
that this normalization is necessary for agreement with the short interval limit which is
determined by the universal OPE for the twist operators (2.51).
Although this will not be important for us in this paper, the prescription for the
Wilson line which matches the CFT evaluation of entanglement entropies [43, 44] is the
so-called \holomorphic" prescription [18]. The other \canonical" prescription reduces to
the holomorphic one when A w = Aw = 0 which is the case when the chemical potential 
is vanishing. In the SL(3;R)SL(3;R) Chern-Simons theory the entanglement entropy for
both the principal and non-principal embeddings is given by the Wilson line in the adjoint
representation [18],
dim[R] = 8 : (4.7)
9The twist squared operator, 2n, whose two point function measures entanglement negativity [41, 42],
has the same conformal dimension as  in eq. (3.29),
lim
ne!1
2ne
=   c
8
; (4.5)
where ne is the even replica index. Note that this is the weight associated to one chiral sector. We thank
V. Malvimat for drawing our attention to this.
10In [18] the connections corresponding to the zero charge black hole were also studied but with the holon-
omy condition spec(at) = (i
 1; 0; i 1). The corresponding holonomy is trivial in the truncation to
SL(2;R)U(1). In order to obtain the identity element of SL(3;R) we need the condition (3.30).
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The Wilson line in the adjoint representation is obtained by the product of the Wilson
lines in the fundamental and conjugate representations,
Wfund = lim
P ;Q!1
Tr
h
eQL^0 exp (  w a) e 2P L^0 exp (w a) eQL^0
i
; (4.8)
WAd = WfundWfund :
The anti-fundamental Wilson line is identical to the fundamental Wilson line but with
signs reversed in front of w and  w. For the single interval entanglement entropy,
w =  w = L, the size of the interval. In the limit of large P;Q wherein the endpoints of
the Wilson line are anchored to the boundary of AdS3, we obtain,
WAd = e
2(P+Q)
k2
w2 2
sinh4
r
w 2
k
L

: (4.9)
When the U(1) charge is vanishing, the parameter w 2 is identied with the energy of one
chiral sector as in (3.23), and its value determined by the holonomy condition (3.31) at
high temperature. After subtracting out the additive divergent piece proportional to the
UV cuto, the EE for a single interval of length L is,
SEE =
c
3
ln


2
sinh

2L


: (4.10)
The standard formula for the high temperature EE for a CFT is SEE =
c
3 ln

sinh L

.
The result for the W
(2)
3 CFT shows a subtle dierence. The argument of the hyperbolic
sine function is twice the usual result. We now interpret this as a consequence of the
nontrivial ground state with  =   c8 which manifests itself as a conical decit or rescaled
temperature  = =2 at high temperatures. It is clear that the EE for a general conical
decit (2.50), does not yield the thermal entropy (2.15) in the excited state in the limit of
large interval size. However, the limit of small interval size precisely matches the OPE of
twist operators (2.51).
Entanglement entropy from CFT. We can evaluate the Renyi entropy in the CFT
with W(2)3 symmetry where the spin-3=2 and U(1) charges are turned o. This is a non-
standard situation because the ground state of the theory has a large negative conformal
dimension. The conformal dimension of the twist elds cannot immediately be inferred by
computing the stress tensor one-point function using the uniformisation map from a multi-
sheeted Riemann surface implementing the replica trick. Each sheet is now accompanied
by a pair of insertions of the primary eld with conformal dimension  corresponding
to the nontrivial ground state. Instead we may view the Renyi entropy as a four-point
correlator involving the two light branch point twist elds and two heavy primaries with
 =   c8 . Assuming only the vacuum block contribution to the HHLL correlator, the
Renyi entropy in the large-c limit can be obtained as in section 2.2 and in the n! 1 limit,
SEE =
c
3
ln



sinh


L


;  =
r
1  24
c
: (4.11)
Given  =   c8 , we recover the holographic EE (4.10).
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5 W
(2)
3 black hole with spin-3=2 and U(1) charges
The holonomy conditions (3.31) at high temperature show that the thermal states at xed
energy are highly degenerate, characterized by condensates or expectation values for the
spin-32 and U(1) charges. In general, we expect that the entanglement entropy will de-
pend on the choice of state. However, the quantum theory sums over all these states and
the resulting saddle point at large k determines the thermodynamics. It is nevertheless
interesting and instructive to consider any given solution to the holonomy conditions and
compute the holographic EE for that conguration.
5.1 Holographic entanglement entropy for W
(2)
3 CFT
The general result for the W
(2)
3 Wilson line in the fundamental representation in terms of
the eigenvalues of aw is,
Wfund =
eP+Q
(123)2
 (5.1)h
1
 q
k
+ 3

e3w + 2
 q
k
+ 1

e1w + 3
 q
k
+ 2

e2w
i
h
1
 q
k
+ 3

e 3 w + 2
 q
k
+ 1

e 1 w + 3
 q
k
+ 2

e 2 w
i
where 1;2;3 are eigenvalues of the matrix aw and the charges in the barred (3.21) and
unbarred (3.22) sectors are identical. For the single interval entropy, w =  w = L and
we have dened
1 = 1   2; 2 = 2   3; 3 = 3   1: (5.2)
Since the barred and unbarred sectors are identical, the Wilson line in the antifundamental
representation yields the same expression and WAd = (Wfund)
2. The expression above was
obtained without imposing the holonomy conditions and applies for any values of q; w 2
and G. The fig are the roots of the cubic,
3   1
k


w 2 +
3q2
4k

  1
k2

G+G 
2
2
  q
3
4k
+ qw 2

= 0 : (5.3)
The holonomy conditions (3.31) set the -independent term in the cubic to zero and x
the coecient of the term linear in , so that the three eigenvalues are simply,
(1; 2; 3) =

 2

; 0;
2


; (5.4)
for all values of q; w 2 and G which satisfy the holonomy conditions. The holographic
entanglement entropy is then expressible in a compact form for generic q:
SEE =
c
6
ln
"
4
(2)4
sinh4

2L


1  
2
42
q2
k2
tanh2

L

2#
: (5.5)
We list the salient features of this result:
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 When q = 0, it reduces to eq. (4.10) as expected. The zero temperature version of
this, for the CFT on the unit circle is obtained by the replacement  !  2i.
 The expression implies an upper bound on the U(1) charge q in terms of the temper-
ature. Since tanh2 L is monotonic in L, approaching unity as L ! 1, if jqj is too
large the argument of the logarithm will have a zero at some nite value of L and the
EE will diverge at that point. In order to avoid this unphysical situation the U(1)
charge must be bounded:
jqj  2

k : (5.6)
Interestingly, this bound is automatically implied by the dimension of the represen-
tation of the zero mode algebra in the semiclassical limit. Taking y = 0 in eq. (3.7)
the magnitude of the largest eigenvalue of J0 is n=2 (taking n large). From (3.17)
and the Casimir condition (3.18) it immediately follows that
q2max = kE =

2k

2
: (5.7)
 For generic values of q below this bound, for large enough L, the EE is extensive
but is lower than the thermal entropy (4.2) by a factor of two. This is a special case
of what we have already noted for the EE of a conical decit state (in the large-c
theory) (2.50).
 When the bound is saturated i.e. jqj = 2k=, the expression for EE simplies and
surprisingly reduces to the standard CFT formula at nite temperature:
SEE

jqj= 2k

=
c
3
ln



sinh

L


: (5.8)
Importantly, the thermal entropy for the canonical ensemble is still given by (4.2)
and does not agree with the EE of this particular conguration in the large L limit.
 The smoothness/holonomy conditions (3.31) on the Chern-Simons connections relate
the spin-32 charge to the U(1) charge at a given temperature according to
2
2
G+G  = q
k

q2   4
2
2
k2

: (5.9)
Therefore the (product of) the spin- 32 charges increases from zero at q = 0, reaches a
maximum at q2 = 42k2=32 and subsequently decreases to zero at jqj = 2k= (see
gure 4).
 It is interesting to note what happens when an arbitrarily small spin- 32 chemical
potential  is introduced. The holonomy constraints (3.31) are then augmented with
the Chern-Simons atness (or large-k saddle point) conditions (3.34) and this xes
the value of the U(1) charge precisely at q2 = 43
2k2 2, one of the two extrema of
gure 4.
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q
G -G +
Figure 4. The product G+G  of the spin- 32 charges versus the U(1) charge q for holographic
backgrounds satisfying the holonomy conditions. G+G  has extrema when q2 = 432k2 2.
 The expansion of the holographic EE in the limit of small interval lengths has a nice
interpretation:
SEE

L

1 =
c
3
lnL +
1
3

42
2
k   3q
2
4k

L2 + : : : (5.10)
We immediately recognize the O(L2) term as the expectation value of a particular
combination of the stress tensor and the U(1) current in the thermal state (with
insertions of the operator  at spatial innity),
SEE

L

1 =
c
3

ln L   L
2
c

T (w) +
3
4k
J(w)2


+ : : :

: (5.11)
This has a natural interpretation in the CFT language as we now discuss.
5.2 Entanglement entropy from CFT at small L
Let us revisit the four-point correlator on the thermal cylinder which computes Renyi/
entanglement entropy in CFT,
C4 = h(1) n(L)n(0) ( 1)ih(1) ( 1)i : (5.12)
The presence of the U(1) current in the W
(2)
3 algebra permits the appearance of an addi-
tional quasi-primary J2 of dimension two in the twist-antitwist OPE. This means that on
general grounds the OPE of the twist elds must be of the form,
n(L)n(0)  1
L4h

1 +
2h
c
L2
 
T (0) + a J2(0) + T (0) + a J2(0)

: : :

; (5.13)
where a is a dimensionless constant. There is a natural choice of a from the viewpoint of
the bulk Chern-Simons theory wherein the generators of the asymptotic symmetries of the
metric commute with the generators of the U(1) transformations. This corresponds to the
choice of an eective stress tensor Te which has a trivial OPE with J(z),
Te(w) = T (w) + a J(w)
2 ; Te(w)J(0)  regular : (5.14)
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From the algebra (3.1), we can use the relevant large k OPEs
T (w)J(0)  J(0)
w2
+
@J(0)
w
+ : : : ; J(w)J(0)    2k
3w2
+ : : : ; (5.15)
to immediately deduce that a = 3=(4k) and
Te = T +
3
4k
J2 : (5.16)
Inserting the OPE with the eective stress tensor modied by the Sugawara term into the
four-point correlator for the Renyi entropy, we recover the short distance expansion (5.11)
of the holographic EE at large-c in the limit n! 1.
6 OTO correlator and Lyapunov exponent
We are now in position to examine time dependent questions in this large-c theory using
the holographic prescription for higher spin entanglement entropy in the nite temperature
CFT undergoing a local quench. The local quench is created by the insertion of a pair of
primary operators at the origin at an instant of time. This leads to a time dependent
change in the entanglement entropy of a spatial interval when the resulting excitations
enter the interval. The holographic dual of this local quench is the backreacted solution
for a black hole (thermal state) with an infalling massive particle, which starts its motion
near the boundary and falls towards the black hole horizon. The mass m of the infalling
particle is proportional to the conformal dimension of the operator injecting the quench in
the CFT.
In ordinary gravity the backreacted geometry associated to the infalling particle is
obtained by a coordinate transformation and boost on a conical decit state (see appendix C
for these transformations) [33]. This is a so-called shockwave geometry. In higher spin
gravity, the notions of metric and spacetime geometry are gauge dependent. Furthermore,
the Wilson line prescription for the entanglement entropy is only sensitive to the location of
the endpoints. For this reason, we only need to know the transformation of the endpoints
of the Wilson line in a conical decit background. For a detailed clarication of this point
we refer the reader to [8]. Here we present the method and the results.
6.1 Conical decit
In Lorentzian signature, the endpoints of the entangling interval are given by light-cone
coordinates (w2; w2) and (w3; w3) in eq. (2.53), while the locations of the operator insertions
giving rise to the local quench are at (w1; w1) and (w4; w4). The operator insertions in
imaginary time (w1 =  i and w4 = i) have the eect of spreading out the pulse generated
by the quench. The rst step is to write down the Wilson line in a conical decit state:
a = a  d  ; a = a+ d+ ; (6.1)
where a have exactly the same form as aw and a w respectively, in eqs. (3.21) and (3.22).
For simplicity we take
G+ = G  = GO ; q = qO ; (6.2)
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as the spin-32 and U(1) charges of the state. The key point is that for a conical decit state
we do not impose smoothness conditions on the holonomy. Consequently, the holonomies
are nontrivial and encoded in the traces. The energy of the conical decit with respect to
the non-trivial ground state of the CFT is proportional to O and is given by Tr a2  ,
w 2 +
3q2
4k

=   c
6

1  O
c

: (6.3)
When O = 0 we recover the nontrivial ground state ji of the W (2)3 theory with  =   c8 .
In order to compute the EE using the Wilson line prescription we need the eigenvalues of
the connection a  (and a+). The eigenvalues 1;2;3 are the roots of the cubic,
3 + 

1  O
c

 

2
G2O
k2
  q
3
O
k3
+
qO
k

O
c
  1

= 0 : (6.4)
For the uncharged conical decit, with GO = qO = 0,
(1; 2; 3) =

 i
p
1  O=c ; 0 ; i
p
1  O=c

: (6.5)
Now, we want to consider a situation where the mass and charges of the state are all  O(c)
in the large-c limit. We also want these quantities to scale in accordance with dimensional
analysis with the innitesimal width  of the pulse generating the quench, so that the
energy and charges of the pulse are xed in the limit of small width [8]. This means that
for a quench of width , we need to take11
O = E  ; GO = g
6
1=2 ; qO =
~q
6
: (6.6)
For simplicity, we will set qO to zero below. Keeping the leading corrections to the eigen-
values in a small  expansion we obtain,
1 =  i + 

i
E
2c
  g
2
2c2

; 2 = 
g2
c2
; 3 = 

1 : (6.7)
6.2 Infalling conical defect and EE
The boost and coordinate transformation (C.1) which maps the conical decit conguration
into an infalling pulse of width  in a thermal state with temperature , acts on the
boundary coordinates of the anchor points of the Wilson line as,
ei

1;2 = e2i=
sinh  (`1;2  t i)
sinh  (`1;2  t i)
: (6.8)
It also has an action on the radial (AdS) coordinate of the endpoints of the Wilson line. The
thermal state in question has no background one-point functions for G and q, aside from
the charge of the conical decit itself. Applying the formula (5.1) (replacing (w; w) by
11For a holomorphic current Ws(z) with spin-s, the charge density in a pulse of width  behaves as
hWsi  qs=s by dimensional analysis, where qs is a dimensionless charge. The total charge in the pulse is
then  qs=s 1. To keep this xed in the limit ! 0, we must scale the charges as qs  s 1.
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 = (2   1 )), the strategy is to rst compute the Wilson line in the conical decit
state and subsequently apply the transformation (6.8). Dening the cross-ratio on the
thermal cylinder with period ,
z =
i sin

2


sinh  (`2   `1)
sinh  (`1   t+ i) sinh  (`2   t  i)
; (6.9)
the holographic EE depends on the combinations,
ei
 
= (1  z) ; ei+ = (1  z) ; (6.10)
where z is obtained from z by the replacement t !  t. Then we use the expression for
fundamental representation in eq. (5.1) to obtain the Wilson line in the adjoint represen-
tation,
WAd = WfundWfund ; (6.11)
keeping in mind the replacements w !   and  w ! +. The complete result can
be rewritten in terms of the cross-ratios z and z as,
WAd =
16(zz) 2
(123)2
sinh4


(`2   `1)
24 3X
i=1
 1i
 q
k
+ i
 q
k
+ i+1
 (1  z)ii   1
(1  z) ii2   12
!235

24 3X
i=1
 1i
 q
k
+ i
 q
k
+ i+1
 (1  z)ii   1
(1  z) ii2   12
!235 ; (6.12)
where 4  1. The holographic EE following the quench is given by the logarithm of the
Wilson line with normalization appropriate for the non-principal embedding,
SEE =
k
1=2
lnWAd ; c = 6k ; 1=2 = 2 : (6.13)
Using eq. (6.12) we see that the EE satises the basic requirement that for early and late
times (`1;2  t and t  `1;2) when jzj  1, it correctly matches the single interval EE of
the W
(2)
3 theory in the zero charge state (4.10), up to additive constants independent of
the interval length. This matching requires  = =2 as expected.
At intermediate times when the pulse generated by the quench enters the interval of
interest at t ' `1 and exits at t ' `2, the entanglement entropy is expected to jump.
The jump occurs due to a branch point discontinuity in SEE as a function of z at z = 1.
When the excitation or pulse is deep inside the interval, say in the limit `2  t `1, the
cross-ratio completes a clockwise excursion around the branch point:
(1  z) ! (1  z)e 2i : (6.14)
The resulting jump in the entanglement entropy can be evaluated as a function of z in the
limit ! 0. We nd that for the conical decit without U(1) charge
SEE =
c
6
ln

1 +
E
2c
Z 1`1;`2(t)

+ O() ; (6.15)
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where
Z`1;`2(t) =
sinh  (`2   `1)
sinh  (t  `1) sinh  (`2   t)
: (6.16)
In the limit of large interval length when the excitation is deep inside the interval, the
magnitude of the jump in EE becomes
SEE

`2t`1 =
c
6
ln

1 +
E
4c

: (6.17)
As explained in [8], this Wilson line correlator deep in the quenched regime can be analyti-
cally continued to yield the out of time order (OTO) correlator which exhibits exponential
or chaotic growth in the so-called Regge limit. To reach this regime we continue z through
the branch cut emanating from z = 1 to small values of z with Im(z) > 0. This means
taking the t!1 limit of Z`1;`2(t) while staying on the second sheet,
WAd

OTO
 sinh4 2

(`2   `1)

1   E
4c
e
2

(t `2)

; (6.18)
where we have taken t  `2  `1. The exponential growth of this correlator has the
associated Lyapunov exponent
L =
2

=
4

: (6.19)
This violates the original bound proposed in [6]. It has been shown in general [20] that
semiclassical holographic theories with a nite tower of higher spin elds violate the bound
of [6]. In particular, excitations carrying a higher spin s > 2 have an associated Lyapunov
exponent 
(s)
L = 2(s   1)=. Here we see a dierent mechanism at work, namely the
existence of a ground state with negative conformal dimension.12
7 Discussions
The semiclassical limit of the holographic W
(2)
3 CFT exhibits various interesting features
that are worth exploring further. We have focussed our attention on the vacuum structure
of this theory which breaks conformal invariance as a consequence of nonzero, negative
conformal dimension,13 which in turn manifests itself in the violation of the chaos bound
of [6].
The large degeneracy of ground states parametrised by expectation values of the U(1)
and spin-32 charges poses nontrivial questions. The zero modes of the spin-
3
2 currents are
12Recently, [45] demonstrated that the chaos bound is violated in the shnet theory which is also known
to be nonunitary. One of the Lyapunov exponents evaluated in the rotating BTZ black hole background
also shows an apparent violation of the chaos bound [46{48] This violation has been explained due to the
\eective temperature" of the left moving modes of the CFT dual to the BTZ black hole.
13It would be interesting to understand how this picture generalizes to the non-principal embeddings
of SL(2) in SL(N) for N > 3. Thermodynamics of such non-principal embeddings for the SL(4) theory
were studied in [49]. We expect that ground states with negative conformal dimensions will persist, but
the precise values of the Lyapunov exponents and their dependence on the embedding would be worthy of
further study.
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like ladder operators and the ground states are therefore not eigenstates of these charges.
Instead each semiclassical ground state is like a coherent state for the half-integer spin
charge. The situation is thus distinct from theories with WN symmetry for integer N ,
where it can be shown explicitly that the CFT vacuum block at large-c is computed by a
Chern-Simons Wilson line [22]. In the case with half-integer spin elds, the monodromy
problem is complicated by (additional) branch cuts due to non-zero condensates for the
half-integer charges. It would be interesting to understand the general results for EE that
we found from Wilson lines, directly from large-c CFT arguments in the presence of these
condensates.
A tantalizing result that arose from the holographic study of higher spin black hole
phases in [17], was the appearance of a branch of black hole solutions (branch III of [17] and
in gure 3) which interpolated between the W
(2)
3 theory in the UV and a holographic W3
CFT in the IR. This branch corresponds to a deformation of the W
(2)
3 CFT by a chemical
potential  for the spin-32 charges i.e. via introduction of the CFT deformation (3.32).
Interestingly, this holomorphic (plus antiholomorphic) chemical potential deformation can
be studied in conformal perturbation theory from a purely CFT standpoint, following the
methods described in [43]. Up to order 2,
lnZ = lnZ0   
Z
d2w G + 
2
2
Z
d2w1
Z
d2w2
32 hJi (2g+ g )
2 sinh2


 (w1   w2)
 ; (7.1)
where we used the G+(w1)G
 (w2) OPE to infer the thermal correlator in the excited state
and only the non-vanishing contributions are shown. Importantly, the rst non-trivial
contributions to the free energy arise from the one-point functions for the spin- 32 current
and the U(1) current. Using the value of the high temperature free energy of the W
(2)
3
theory discussed in this paper, and the one-point functions for the VEVs of G according
to the Casimir conditions with nite- corrections (appendix D) we obtain
1
~L
lnZ =
4k

"
1 + 
2
p
2
33=4
p

+ 2
p
3

: : :
#
; (7.2)
which agrees precisely with the partition function corrections found for the branch III
black hole solution in [17] from Chern-Simons theory. Given that this branch matches
onto the W3 theory in the IR, it would be extremely interesting to understand the full
expansion in powers of  from CFT and its interpretation from the IR perspective. A
large-c CFT understanding of the vacuum block for W
(2)
3 would help develop chemical
potential corrections to EE from the CFT. The lowest order corrections to EE from the
Chern-Simons Wilson line prescription have been computed in appendix D and shown to
agree with the thermal entropy corrections in the thermodynamic limit.
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A Commutation relations for W
(2)
3
The modes of the W
(2)
3 currents satisfy the following commutation relations which can be
deduced easily from the OPEs:
[Ln; Lm] = (n m)Ln+m + c
12
n(n2   1)n+m;0 ; [Ln; Jm] =  mJn+m ;
Ln; G

m

=
n
2
 m

Gn+m ;

Jn; G

m

= Gn+m ; [Jn; Jm] =  
2k   3
3
n n+m;0 ;
(A.1)
G+n ; G
 
m

=
1
2
(k   1)(2k   3)

n2   1
4

n+m;0 + (k   3)L^n+m   3
2
(k   1)(n m)Jn+m
+ 3
X
`
: Jn+m `J` : :
B Generators in non-principal embedding
For the non-principal embedding of sl(2;R) in sl(3;R), we dene the generators
L^0 =
1
2
L0; L^ = 1
4
W2; J0 =
1
2
W0; (B.1)
G1=2 =
1p
8
(W1  `1) ; G 1=2 =
1p
8
(L 1 W 1) ;
where the sl(3;R) generators satisfy,
[Li; Lj ] = (i  j)Li+j ; [Li;Wm] = (2i m)Wi+m ; (B.2)
[Wm;Wn] =  1
3
(m  n)(2m2 + 2n2  mn  8)Lm+n ;
with i; j =  1; 0; 1, and m;n =  2; 1; 0; 1; 2.
C Infalling conical decit
We summarize the map which takes a conical decit state in AdS3 to an infalling particle
in a black hole background. The transformation consists of a boost with parameter ~. The
locations of the endpoints of the Wilson line transform according to:
eP;Q = (C.1)
R
2
vuuutsinh22xP;Q


+
0@ 
2~
cosh

2t


 
s

2~
2
  1 cosh

2xP;Q

1A2
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tan(P;Q) =
2~

sinh

2t


cosh

2xP;Q


 
r
1 

2~

2
cosh

2t


tan(P;Q) =
2~

sinh

2xP;Q


cosh

2t


 
r
1 

2~

2
cosh

2xP;Q

 :
Here  is a UV cuto representing the AdS boundary. The spatial endpoints of the
entangling interval are at xP = `1 and xQ = `2. The boost parameter ~ is related to
the width of the pulse produced by the local quench:
2~

= sin
2

: (C.2)
D Chemical potential corrections to entanglement entropy
Consider the C-S connection representing a W
(2)
3 black hole where the chemical potential,
, is nonzero and both spin-3=2 and U(1) currents are present switched on,
a =

1
4
W2 +
3q
4k
W0 +
w 2
4k
W 2 +
G
2k
L 1

dx+ + 

L1 +
3q
2k
L 1   G
4k
W 2

dx 
(D.1)
a = 

L 1 +
3q
2k
`1   G
4k
W2

dx+  

 1
4
W 2   3q
4k
W0   w 2
4k
W2   G
2k
`1

dx :
The requirement of atness implies
w 2 =
9
4k
q2; (D.2)
and the holonomy conditions for a smooth black hole solutions are,
42k
32
=
q2
k
  G   22q (D.3)
2G2 + 4q
3
k
+ 6Gq + 242q2   4k3G = 0:
There are four sets of roots for the charges q and G, but only two of these are real. They
correspond to branches III and IV identied in [17]. For branch III which was identied as
the thermodynamically stable one, q and G can be expanded as a power series in :
q =   2kp
3
+
p
2k
4
p
3
p

  1
2
3k2 + : : : (D.4)
G =   4
p
2k
33=43=2
+
4
p
3k

  3 3
3=4k2p
2
p

+ : : : :
We have mostly limited our discussion to the ! 0 limit in this paper.
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D.1 Thermodynamics
Consider the thermodynamic action,
Ith = Ion-shell   G   4
2k

(D.5)
where,
Ion-shell =  

w 2 +
3
4k
q2 + 62q

(D.6)
The partition function is,
1
~L
lnZ =  Ith = 

w 2 +
3
4k
q2 + 62q + G+ 4
2k
2

; (D.7)
where ~L is the spatial extent of the CFT. The thermal entropy is obtained by taking
derivatives with respect to the temperature T =  1,
S = @T

T
L
lnZ

=
6q
k
@T q + 6
2q + @TG + 8k

(D.8)
which gives the following expression upon using the one-point functions,
S =
L
2


4

w 2 +
3
4k
q2

  6G

(D.9)
=
4cL
3
 
1  3
1=4
p
p
2
+ 2
p
3
2
+ : : :
!
;
D.2 Holographic entanglement entropy with  6= 0
In the paper we have conned ourselves mostly to the situation with vanishing chemical po-
tential. Here we quote some results for the single interval entanglement entropy computed
using the holomorphic prescription [17, 18], as a power series in the spin -3=2 chemical
potential ,
exp

6
c
SEE

=
4
94
sinh4

L


cosh

2L


+ 2
2
+ (D.10)
+
2
p
27=2
3 33=49=2
sinh5

L


cosh

2L


+ 2

 sinh

L


  4L cosh

L


+
32
12
p
35
sinh4

L


 4  2   202L2 cosh2L


+ 32 + 322L2
+
 
2 + 82(2L)2

cosh

4L


+ 16L sinh

2L


  8L sinh

4L


:
In the limit of large interval length L=  1, the expansion in  agrees with the thermal
entropy above,
SEE

L=1 =
4cL
3
 
1  3
1=4
p
p
2
+ 2
p
3
2
+ : : :
!
: (D.11)
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D.3  corrections to ground state expectation from CFT
In this section we evaluate the  corrections to the ground state expectation value of the
stress tensor. We evaluate the following,
h(1)T (x) exp   R d2y  +(y)( 1)i
h(1) exp   R d2y  +(y)( 1)i = hT (x)i + 
 
N (1)  D(1)hT (x)i
h(1)( 1)i
!
(D.12)
+
2
2
0B@N (2)  D(2)hT (x)i + 2(D
(1))
2hT (x)i
h(1)( 1)i   2N
(1)D(1)
h(1)( 1)i
h(1)( 1)i
1CA+ : : :
where,
N (1) =
Z
d2y hy(1)T (x) +(y)( 1)i (D.13)
N (2) =
Z
d2y1
Z
d2y2 hy(1)T (x) +(y1) +(y2)( 1)i
D(1) =
Z
d2y hy(1) +(y)( 1)i
D(2) =
Z
d2y1
Z
d2y2 hy(1) +(y1) +(y2)( 1)i :
All the integrals over y run from  1 to1, and
 +(y) = g+G
+(y) + g G (y): (D.14)
Using,
D(1) = G
Z
d2y (D.15)
N (1) = G
2442
2
   c
2
62
Z
d2y +
Z
d2y
32
22
1
sinh2

y1


35 :
Substituting the above equations in the O() term of equation (D.12), the rst two terms
of N (1) cancel with D(1)hT i by using equation the expectation value of the stress tensor
in the excited thermal state at  = 0 (2.11). Therefore we get,
hT (x)igs =  4k
2
2
+ 
4
p
2 31=4k3=2
3=2
+ : : : (D.16)
which agrees with the holographic answer to this order.
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